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In this report, we will define an annihilator of a subspace of a Banach space and look at the properties
of annihilators of closed subspaces of a Banach space. Finally, we will look to characterize the conditions
required for the sum of two closed subspaces of a Banach space to be closed. Throughout this report, we let
B denote a Banach space over R or C. We let B* denote the dual of a the Banach space B. We also denote
the open and closed balls of radius r around a point v € B by BE(v) and BB(v) respectively (the metric
defined on B is the one induced by the norm describing B).

Definition. Consider a subspace W of B. The annihilator of W, denoted by W+, is the set
Wh={feB"|flv)=0forallveW}
Similarly, for a subspace Z of B*,

Zt ={veB|f(v)=0forall fcZ}

Lemma 1. Let W be a subspace of B and f € B*. Then, d(f, W) = SUPew,||z)<1 | (W)]-

Proof. Let g € W+. Then,

Ilf —gll = sup [f(w)—g(w)]

[lw]|<1
> sup |f(w) —g(w)]

weW,||w||<1
> sup | f(w)] (9(w) = 0)

weW,||lw||<1

Thus, d(f, W+) > SUPyew,|jz||<1 |f(w)]. We now prove that there exists a 1) € W+ such that the equality
is attained. By the Hahn-Banach Theorem', there exists a ¢ € B* such that ¢ agrees with f in W and
|| flwllw~ = ||%]|. Then, since f — € W+,

d(f,WH) <If = (f =Dl = Il = lIfwllw- = sup |f(w)|

weW,||w||<1
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This completes the proof of the lemma. O

Lemma 2. Let W be a subspace of B and Z be a subspace of B*. Then, W+ and Z+ are closed subspaces
of B* and B respectively.

Proof. First, we prove that W= is a closed subspace of B*. Let f,g € W+ and o € R. Clearly, for all v € W,

(f +ag)(v) = f(v) +a-g(v) =0

Thus, W+ is a subspace of B*. Now, let {f,}nen € W such that f,, — f for some f € B*. Then, since
fn(v) =0 for all v € W, f(v) = 0 for all such v. This implies that f € W+ and hence proves that W+ is a

closed subspace of B*.

Now, for u,v € Z+, and a € R, for all f € Z,

flutav) = fu) +a-f(v)=0

Thus, Z+ is a subspace of B. For a sequence {v,,} in Z+ converging to some v € B, for all f € Z, f(v) =0
since each such f is continuous. Thus, v € Z+. This implies that Z+ is closed.

i
)

Corollary 3. Let W be a subspace of B and Z be a subspace of B*. Then, W C (W)™ and Z C (ZJ-)J'.

Proof. Let v € W. Then, for all f € W+, f(v) = 0. Thus, W C (WJ‘)L )J'
Lemma 2, W C (WJ-)L. Similarly, for all f € Z, f(v) =0 for all v € Z+. Thus, Z C (Z*)™ implying that

Z C(z9)" O

Since (W
)J_

is closed by

Corollary 4. Let W be a subspace of B. Then, W = (WL)L.
Proof. By Corollary 3, we know that W C (WL)l. We know, for v ¢ W, there exists a f € B* such that
f(v) >0 and f(w) =0 for all w € W2. This proves that there exists a f € W+ such that f(v) # 0. Thus,
v ¢ (WL)L. This proves that (WJ-)J‘ C W which completes the proof of our claim. O

Observation 5. For subspaces Wy, W5 of B such that W; C W, WQJ_ - WlJ‘. Similarly, for subspaces 71,
Z2 of B* such that Zl - ZQ, ZQL - ZlL.

Lemma 6. Let W; and W5 be subspaces of B. Then, W7 N Wy C (I/V1L + WQL)L. Similarly, for subspaces
Zy and Zs of B*, Z1 N Zy C (Z1* + Zo™) "

Proof. Let w € W1 N W,. Then, for all fi + f5 € WlJ‘ + WQL where f; € WlJ‘ and fy € WQJ_,
(fi+ f2)(w) = fi(v) + fa(w) =0

Thus, Wy N Wy C (I/Vll + WQL)L.
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Let v € Z1+ + Zo™. Then, v € Z1+ and v € Zo™ since 0 belongs to the annihilator of any subspace of B*.
Thus, for all f € Z1 N Zs, f(v) =0. Hence, Z3 N Zy C (ZlJ‘ + ZQJ_)J_. O

Corollary 7. Let Wy and W5 be closed subspaces of B. Then,
WinWy = (le_ + VVQL)L and le_ N WQJ_ = (Wl + VVQ)L

Proof. By Lemma 6, W1, N W, C (Wi + WQL)l. Since 0 belongs to the annihilator of any subspace of B,
Wit Wet C Wit + Wat. Thus, by Observation 5 and Corollary 4, (W1L + WQL)L C (Wll)L =W, = W;.
Similarly, (le‘ + WQJ_)J_ C Ws. This proves that (WlJ‘ + WQL)J_ C W1 N W5 and hence proves the first

part of our claim.

By Lemma 6 and Corollary 4,
1L 1
Wit NWot C (W)™ + (Weh)) = (W +Wa) ™ = (Wi + Wa)©

Since W7 + Wy is a superset of Wi and Wy, by Observation 5, we have that Wit N Wyt D (W1 + WQ)J_.

This completes the proof of our claim. O

Corollary 8. Let W; and W5 be closed subspaces of B. Then,

(W1 n VVQ)L D) (WlJ_ + WQL) and (le_ n VVQJ_)L = (W1 + Wz)

Proof. The first part of the claim follows directly from Corollary 7 and Corollary 3 while the second part of
the claim follows from Corollary 7 and Corollary 4. O

Observation 9. Let W; and W5 be two closed subspaces of B. Then, W7 x W5 with following norm is a

Banach space.

[(wr, wo)[[wyxw, = [|wa]] + [[ws]

Corollary 10. Let W; and W5 be two closed subspaces of B. Let f: W7 x Wy — W7 + W5 such that
flwr,we) = wy + we where Wy x W is endowed with the topology induced by the norm described in

Observation 9. Then, f is an open map.

Proof. Clearly,
|1 f (w1, wa)|| = [lw1 +wal| < [Jwi|[ + [[wal| = |[(w1, w2)|lw; xw,

Thus, f is a continuous linear transformation. Also, f is surjective. Thus, by the Open Mapping Theorem?,

f is open. O
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Lemma 11. Let W7 and W5 be two closed subspaces of B such that W7 + W5 is also closed. Then, there
exists a a > 0 such that for all z = wy + we € Wy + Wy, where wy; € Wy and we € Wo,

[fwi]] < a-[lz]] and [wal| < a-[[2]|

Proof. Let f: Wy x Wy — Wi 4+ W5 such that f(w;,ws) = wy +wsy. Then, by Corollary 10, f is open. Then,
F(BY™2(0)) is open in W, + Wy. Hence, there exists a ¢ > 0 such that BYV1+"2(0) € f(B}"*"2(0)).
That is, there exists a ¢ > 0 such that for all w € Wy + Wy with ||w|| < ¢, w can be written as wy + wa
for some wy € Wi and wy € Wa, where ||(wy,w2)||w,xw, = ||wi|] + |Jwz2|| < 1. Now, for any non-zero
w € Wy + Ws, consider the vector Mw Then, Mw = w1 + wy where wy € Wi and we € Wy with
||wi|| < 1 and [[wa|| < 1. Thus, if & = 2 and w} = aw; € Wy while wh = aw, € Wy; then, w = w} + w) and

[|w|| and ||w}]|| are bounded above by « - ||w]||. This completes the proof of this lemma. O

Theorem 12. Let Wy and W5 be two closed subspaces of B such that Wy + W5 is also closed. Then, there
exists a a > 0 such that d(v, W1 N W3) < a - (d(v, W) + d(v, W3)) for all v € B.

Proof. Let v € B and € > 0. By definition, we have w; € W7 and we € W5 such that
d(v,wy) < d(v,W7) + € and d(v,ws) < d(v, W3) + € (1)

Let z = wy — wy € Wy + Wa. Then, by Lemma 11, there exists a ¢ > 0, w] € Wy, w) € Wy such that

wy — we = Wy + wh (2)
[will < e+ [lwr —wa| (3)
[wal| < e+ [lwr — w] (4)

By Equation (2), w; — w] = we — w). Hence, wy — w} = wy — wh € Wi N Wa. Thus,

d(v, Wy N Wy) < d(v,wy —w)
< v —wy + w|
< v = wa ] + [Jwr ]
<|lv = w1+ ¢+ [Jwr — wa| (By Equation (3))

= [[o —wif[ + ¢ [[(w1 = v) + (v = ws)]]

<(140)- o —will +e- |0 —ws)] (By Equation (4))
<(1+4+c¢)-dv,w)+ (1+c¢)-dv,ws)
<(1+c¢) (dv,W1)+-dv,W3))+2(14+¢)-€ (By Equation (1))

Since € can be arbitrarily small, letting a be 1 + ¢ completes the proof. O

Corollary 13. Let Z; and Z5 be two closed subspaces of B* such that Z; + Z5 is also closed. Then, there
exists a a > 0 such that d(f, Z1 N Z3) < a- (d(f, Z1) + d(f, Z2)) for all f € B*.



Proof. Since Lemma 11 and Theorem 12 can be stated in terms of B*, our claim follows. O

Corollary 14. Let W, and W5 be two closed subspaces of B such that le‘ + WQJ_ is closed. Then, there
exists a a > 0 such that for all f € B*,

sup [fw) <a-( sup |fw)[+  sup | f(w2)])
weEWL+Woa,||w||<1 w1 €W, [|w1]]<1 wz €Wa,|[wz||<1

Proof. Since (W; + Wg)J‘ = Wit N Wat by Corollary 7 and distance between a point and any set is the
same as the distance between that point and the set’s closure in any metric space, this claim follows directly

from Corollary 13 and Lemma 1. O

Lemma 15. Let W, and W5 be two closed subspaces of a real Banach space B such that W1l + ng is
closed. Then, there exists a a > 0 such that

1
~BTE(0) € BTH(0) + B (0)

Proof. Let a be a positive real such that for all f € B*,

sup [fw)<a-( sup  [flw)l+  sup |f(w2)])
weEW+Woa,||w||<1 w1 €Wy, [|wi]|<1 w2 EWa, [|wz||<1

Such a « exists by Corollary 14. Assume that there is a wy € éBfVl'H% (0) which is not in B}*(0) + B}"2(0).

Then, wyg € W1 + W> and [|wg|| < L. Since sum of two convex sets is convex and a closure of a convex

set is convex?, BfV 10) + B}/V 2(0) is a convex set. Thus, there exists a hyperplane that strictly separates
wo and By"*(0) + B}"?(0)®. That is, there exists a f € B* and a € R such that f(w; +wa) < a < f(wo)
for all w; € B}"*(0) and wy € B*?(0). Since 0 € B} (0) + B}*?(0), 0 < a < f(wp). Since w; € B} (0)
and wy € BI/VZ (0) implies that the —w; and —wy belong to the respective balls, for all such w; and wo,

| f(w1 +w2)| > a. Thus,

sup flwy +wo) = sup  f(wi)+ sup  f(ws)
wi+w2€BY1(0)+B2(0) w€B}1(0) w2 €B;"2(0)

= sup [f(w)[+ sup [f(w2)]
w1 €B]1(0) wy€BY 2 (0)

= sup |f(wi)| + sup |f(w2)]
w1 €W, ||wi]|<1 w2 €W, ||wa]|<1

Since SUD,, 4 e BV (0)4B72 (0) flwy +ws) <a < f(wg), it follows that

wo 1

sup |f(w1)] + sup [ f(w2)| < f(wo) = [|woll f( ) < —- sup f(w)
’LU1€W1,Hw1H§1 U)2€W27H’IJJ2HS1 HwOH « wGWl-t,-WQ,HwHSl
This contradicts our premise and thus completes the proof of this lemma. O]

4Proposition 1.1.1 in “Convex Optimization Theory” by Bertsekas D. P.
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Corollary 16. Let W7 and W5 be two closed subspaces of a complex Banach space B such that Wit + Wyt

is closed. Then, there exists a o > 0 such that

1
~B"T(0) € BH(0) + B (0)

Proof. The proof of this result follows from using the proof of Lemma 15 on the real part of a complex

function f € B* and noting that || f|| = ||Re(f)]|°. O

Observation 17. Let W, and Ws be two closed subspaces of a Banach space B such that Wi+ + Wa™t is
closed. Then, there exists a a > 0 such that

1
LB 0) € BI0) + B (0)
(0%

Theorem 18. Let W; and W5 be two closed subspaces of B. Then, the following are equivalent:
(i) W1 + Wa is closed.
(i) Wit + Wa™ is closed.
(iii) Wi+ We = (Wit nWab)™.
(iv) Wit + Wot = (W N o)t
Proof. By Corollary 8, it is clear that (i) and (iii) are equivalent. Also, (iv) = (ii) follows directly from
Lemma 2. We complete the proof of our claim by showing that (i) = (iv) and (ii) = (i).

Claim 18.1. If Wy and W5 be two closed subspaces of B such Wy + W5 is closed, VV1L —H/VgL =(WinN WQ)L.

Proof of Claim. From Corollary 8, we know that
Wit + Wt € (Wt + Wty € (W nwy)t

So, we are left to prove that (W3 N Wg)l C Wit + Wot. Let fe@n Wg)l. Define ¢: Wy + Ws — K|
where K is the underlying field of B, by ¢ (w; + ws) = f(wy). First, we will prove that ¢ is a well defined

map. Then, we show that 1 is a continuous linear functional on W7 + Ws.

If wy + we = wj + w) for some other w] € Wy and wjh € Wo, then, w] — wy = wh —wy € Wi N Wy, Thus,
flwy —w)) = f(wy) — f(w]) = 0. This implies that ¢ is a well defined function. Clearly, ¢ is linear. Since
W1 4+ Ws is closed, by Lemma 11, there is a o > 0 such that

lwi]] < a- [lwy +wal| = [If]] - [lwi]] < a-|If]] - [Jwr 4 wal|
= [[f(w)l| < - [[f]] - [lwi + ws]

= [|(wr +wo)[| <k - [lwy + ws| (Let & = o - [|£1])

6Proposition 3.1.1 in “Functional Analysis” by S. Kesavan.



This implies that 1 is continuous. Since 0 € Wy, 1 agrees with f in Wj. Since 0 € Wy, ¥(ws) = 0 for all
wy € Wa. By the Hahn-Banach Theorem”, there exists a continuous extension of ¢ to B*, say vy € B*.
Since 1y agrees with ¢ in W1, it agrees with f in Wi. Thus, f — ¢y € Wit. Since g agrees with ¥ in
Wy, it vanishes in Wa. Hence, ¢ € Wy, This implies that f = (f — o) + ¢ € Wit + Wy proving that
(Wi NWa)" C Wit + ot 0
This proves that (i) = (iv). We now prove that (ii)) = (i).

Claim 18.2. If W7 and W5 be two closed subspaces of B such Wit + Wyt is closed, W7 + W5 is closed.

Proof of Claim. Endow Wy x Wy with the norm || - ||lw, xw, where ||(w1, w2)||w, xw, = max{||lwi]|, ||w2]|}.
Define f from Wy x W to Wy + Wh by f(w1, we) = wy +ws. Clearly, f is linear. For all (wq,ws) € Wy x Wa,

[lwi + ws| < [Jwr ] + [|ws] < 2 - max{[[wi]], |Jwe][}
Thus, f is continuous. Note that B} *"2(0) = { (w1, ws) | ||wi]| < 1,|ws|| < 1}. Hence, we have,
FB2(0) = {wi +ws | [Jwill < 1, [Jwsl| < 1} = B (0) + B}*(0)

By Observation 17, there exists a o > 0 such that

B 0) € FBITE0) = BT (0) € f(BI(0))
— BTT(0) C f(BI:(0)

= f is open.
Since f is an open linear map, it is surjective. This gives
W1+W2:f(W1 XWQ) CWi4+Wo CW+ Wy = Wi+ Wy =W; +Ws

Thus, Wy + W is closed. O
This completes the proof of this theorem. O
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